
Speech and Language Processing
Lecture 6

Reinforcement Learning

Information and Communications Engineering Course 

Takahiro Shinozaki

2022/10/7 1



Lecture Plan (Shinozaki’s part)

1. 10/4 (remote)
Introduction and Preparation

2. 10/4 (remote)
Probability Distributions, Markov Models, Samplings

3. 10/6 (remote)
Maximum Likelihood Estimation and EM Algorithm

4. 10/6 (remote)
Bayesian Networks and Bayesian Inference

5. 10/7 (remote)
Neural networks

6. 10/7 (remote)
Reinforcement Learning 2

I gives the first 6 lectures about speech recognition.
Through these lectures, the backbone of the latest 
speech recognition techniques is explained.



Human and Machine Language Learning
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Labeled Training 
Data

Statistical 
model of 
spoken 

language

Data set development + supervised learning

Interaction with others 
in living life



Application to Human-Symbiotic Robots
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In the near future, robots will play an active role 
in various situations in human society

Such robots are required to have flexible and 
adaptive language ability based on meaning 
understanding

Automatic spoken language acquisition 
technology is indispensable for realizing such 
robots



Automatic Spoken Language Acquisition 
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• Equips self-supervised learning ability to agents
• Realizes closed learning loop of spoken language learning

Engineer



Operant Conditioning

Skinner[1] gave a widely-accepted explanation: children learn the language based 
on behaviorist reinforcement principles by associating words with meanings
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Skinner’s language acquisition theorySkinner box [2]

[1] B. F. Skinner. "Verbal behavior," New York: Appleton-Century-Crofts, 1957.
[2] S. McLeod, "Skinner - Operant Conditioning," 2007 Retrieved from http://www.simplypsychology.org/operant-conditioning.html
[3] C. Sturdy+ How Much of Language Acquisition Does Operant Conditioning Explain?. Front Psychol, 2017.

http://www.simplypsychology.org/operant-conditioning.html


Chomsky Rebutted Skinner’s Argument
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[1] B. F. Skinner. "Verbal behavior," New York: Appleton-Century-Crofts, 1957.
[2] N. Chomsky, "A review of Skinner’s verbal behavior," Language, 1959.
[3] C. Sturdy+ How Much of Language Acquisition Does Operant Conditioning Explain?. Front Psychol, 2017.

it was unlikely that parents were doing the slow and careful 
shaping of children’s vocalizations and that there are 
grammatical regularities that cannot be discerned from the 
surface features of language alone

Augusto Starita / Ministerio de Cultura de la Nación, CC 
BY-SA, via Wikimedia CommonsSilly rabbit, CC BY 3.0, via Wikimedia Commons

language acquisition could be explained 
by mechanisms of operant conditioning 
(OC)

N. ChomskyB.F. Skinner



Reinforcement Learning
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Dilaudid, CC BY-SA 3.0, via Wikimedia Commons

[3] N. Bhonker+, "Playing SNES in the Retro Learning Environment," arXiv, 2018

Figure is cited from [3]

[1] V. Mnih+, "Playing Atari with Deep Reinforcement Learning," NIPS Deep Learning Workshop, 2013

[2] D. Silver+, "Mastering the game of Go without human knowledge," Nature 2017

In some applications, AI has become stronger than human by reinforcement 
learning breaking away from supervised learning

Figure is cited from [1]

https://commons.wikimedia.org/wiki/File:Go_board_part.jpg
http://creativecommons.org/licenses/by-sa/3.0/


Markov Process (MP)

A Markov Process is a tuple 𝑆𝑆,𝑇𝑇
• 𝑆𝑆: set of states 𝑆𝑆 = 1,2,⋯ ,𝑁𝑁
• 𝑇𝑇: state transition matrix 𝑇𝑇𝑠𝑠𝑠𝑠′ = 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠
• States satisfy Markov Property : 

𝑃𝑃 𝑆𝑆𝑡𝑡+1|𝑆𝑆1, 𝑆𝑆2,⋯ , 𝑆𝑆𝑡𝑡 = 𝑃𝑃 𝑆𝑆𝑡𝑡+1|𝑆𝑆𝑡𝑡
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𝑇𝑇 =
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0 0 1.0

Example:

*𝑇𝑇𝑠𝑠𝑠𝑠′ is 𝑠𝑠𝑠𝑠′ element of matrix 𝑇𝑇

(T is time invariant 𝑇𝑇𝑠𝑠𝑠𝑠′ = 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠 = 𝑃𝑃 𝑆𝑆𝑢𝑢+1 = 𝑠𝑠′|𝑆𝑆𝑢𝑢 = 𝑠𝑠 )



Probability of State in Sequence
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Let 𝐮𝐮 𝑡𝑡 =

𝑃𝑃 𝑆𝑆𝑡𝑡 = 1
𝑃𝑃 𝑆𝑆𝑡𝑡 = 2

⋮
𝑃𝑃 𝑆𝑆𝑡𝑡 = 𝑁𝑁

, then because 𝑃𝑃 𝑆𝑆𝑡𝑡 = ∑𝑆𝑆𝑡𝑡−1 𝑃𝑃 𝑆𝑆𝑡𝑡−1, 𝑆𝑆𝑡𝑡 = ∑𝑆𝑆𝑡𝑡−1 𝑃𝑃 𝑆𝑆𝑡𝑡|𝑆𝑆𝑡𝑡−1 𝑃𝑃 𝑆𝑆𝑡𝑡−1 , 

𝑃𝑃 𝑆𝑆0, 𝑆𝑆1,⋯ , 𝑆𝑆𝑡𝑡 = 𝑃𝑃 𝑆𝑆0 𝑃𝑃 𝑆𝑆1|𝑆𝑆0 𝑃𝑃 𝑆𝑆2|𝑆𝑆0, 𝑆𝑆1 ⋯𝑃𝑃 𝑆𝑆𝑡𝑡|𝑆𝑆0, 𝑆𝑆1,⋯ , 𝑆𝑆𝑡𝑡−1 = 𝑃𝑃 𝑆𝑆0 𝑃𝑃 𝑆𝑆1|𝑆𝑆0 ⋯𝑃𝑃 𝑆𝑆𝑡𝑡|𝑆𝑆𝑡𝑡−1

𝑆𝑆0 𝑆𝑆1 𝑆𝑆2 𝑆𝑆3 𝑆𝑆𝑡𝑡

Bayesian Network Representation 𝐮𝐮 𝑡𝑡 =

𝑃𝑃 𝑆𝑆𝑡𝑡 = 1
𝑃𝑃 𝑆𝑆𝑡𝑡 = 2

⋮
𝑃𝑃 𝑆𝑆𝑡𝑡 = 𝑁𝑁

𝐮𝐮 𝑡𝑡 = 𝑇𝑇𝑇𝑇 𝑡𝑡𝐮𝐮 0

𝑆𝑆𝑡𝑡−1

𝐮𝐮 𝑡𝑡 = 𝑇𝑇𝑇𝑇𝐮𝐮 𝑡𝑡 − 1 = 𝑇𝑇𝑇𝑇 𝑘𝑘𝐮𝐮 𝑡𝑡 − 𝑘𝑘 = 𝑇𝑇𝑘𝑘 𝑇𝑇𝐮𝐮 𝑡𝑡 − 𝑘𝑘 = 𝑇𝑇𝑡𝑡 𝑇𝑇𝐮𝐮 0
Matrix transpose

we have:

𝑇𝑇𝑠𝑠𝑠𝑠′
𝑘𝑘 = 𝑃𝑃 𝑆𝑆𝑡𝑡+𝑘𝑘 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠
𝑇𝑇𝑘𝑘 is a transition matrix from the current to k-th future.



Example
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𝑆𝑆 = 1,2,3

𝑇𝑇 =
0.1 0.7 0.2
0.4 0 0.6
0 0 1.0

𝑃𝑃 𝑆𝑆0 = 1, 𝑆𝑆1 = 2, 𝑆𝑆2 = 3
= 𝑃𝑃 𝑆𝑆0 = 1 𝑃𝑃 𝑆𝑆1 = 2|𝑆𝑆0 = 1 𝑃𝑃 𝑆𝑆2 = 3|𝑆𝑆1 = 2
= 1.0 ∗ 0.7 ∗ 0.6 = 0.42

Assume 𝑃𝑃 𝑆𝑆0 = 1 = 1.0.

𝐮𝐮 1 =
𝑃𝑃 𝑆𝑆1 = 1
𝑃𝑃 𝑆𝑆1 = 2
𝑃𝑃 𝑆𝑆1 = 3

=
0.1 0.7 0.2
0.4 0 0.6
0 0 1.0

𝑇𝑇 1.0
0.0
0.0

=
0.1 0.4 0
0.7 0 0
0.2 0.6 1.0

1.0
0.0
0.0

=
0.1
0.7
0.2

𝑆𝑆0 𝑆𝑆1 𝑆𝑆2

1 2 3

𝑆𝑆0 𝑆𝑆1



Exercise 6.1

Obtain 𝑃𝑃 𝑆𝑆0 = 1, 𝑆𝑆1 = 2, 𝑆𝑆2 = 2 with the following 
Markov Process
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Assume 𝑃𝑃 𝑆𝑆0 = 1 = 1.0. 



Markov Reward Process (MRP)

A Markov Reward Process is a tuple 𝑆𝑆,𝑇𝑇,𝑅𝑅, 𝛾𝛾
• 𝑆𝑆: set of states
• 𝑇𝑇: state transition matrix 𝑇𝑇𝑠𝑠𝑠𝑠′ = 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠
• 𝑅𝑅: reward distribution 𝑅𝑅𝑠𝑠 = 𝑃𝑃 𝑅𝑅𝑡𝑡 = 𝑟𝑟|𝑆𝑆𝑡𝑡 = 𝑠𝑠
• 𝛾𝛾: discount factor 𝛾𝛾 ∈ 0, 1
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𝑅𝑅1

𝑅𝑅2

𝑅𝑅3

Example:

(R is time invariant 𝑅𝑅𝑠𝑠 = 𝑃𝑃 𝑅𝑅𝑡𝑡 = 𝑟𝑟|𝑆𝑆𝑡𝑡 = 𝑠𝑠 = 𝑃𝑃 𝑅𝑅𝑢𝑢|𝑆𝑆𝑢𝑢 = 𝑠𝑠 )



Reward Function

• A reward function is an expectation of reward given a state
• It is independent of time 𝑡𝑡 a function of state 𝑠𝑠
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�̅�𝑟 𝑠𝑠 = �𝑟𝑟𝑡𝑡 𝑠𝑠 = 𝐸𝐸 𝑅𝑅𝑡𝑡 = 𝑟𝑟|𝑆𝑆𝑡𝑡 = 𝑠𝑠 = �
𝑟𝑟

𝑟𝑟𝑃𝑃 𝑅𝑅𝑡𝑡 = 𝑟𝑟|𝑆𝑆𝑡𝑡 = 𝑠𝑠

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3



Return

For a trajectory (𝑆𝑆𝑡𝑡 = 𝑠𝑠𝑡𝑡 ,𝑅𝑅𝑡𝑡 = 𝑟𝑟𝑡𝑡 , 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠𝑡𝑡+1,𝑅𝑅𝑡𝑡+1 = 𝑟𝑟𝑡𝑡+1,⋯) 
starting from time-step 𝑡𝑡, return 𝐺𝐺𝑡𝑡 is a sum of discounted rewards
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𝐺𝐺𝑡𝑡 = 𝑟𝑟𝑡𝑡 + 𝛾𝛾𝑟𝑟𝑡𝑡+1 + ⋯ = �
𝑘𝑘=0

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3

𝐺𝐺2e.g.



State-Value Function

State-value function 𝑣𝑣 𝑠𝑠 is the expected return starting from state 𝑠𝑠
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𝑣𝑣𝑡𝑡 𝑠𝑠 = �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡 , 𝑠𝑠𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑠𝑠𝑡𝑡 = 𝑠𝑠 𝐺𝐺𝑡𝑡 = 𝐸𝐸 𝐺𝐺𝑡𝑡|𝑆𝑆𝑡𝑡 = 𝑠𝑠

𝑣𝑣 𝑠𝑠 = 𝑣𝑣𝑡𝑡 𝑠𝑠 for any 𝑡𝑡

𝑣𝑣2 𝑠𝑠 = 𝐸𝐸 𝐺𝐺2|𝑆𝑆2 = 𝑠𝑠

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3

𝐺𝐺2

e.g.



Markov Decision Process (MDP) and Policy

• A Markov Decision Process is a tuple 𝑆𝑆,𝐴𝐴,𝑇𝑇,𝑅𝑅, 𝛾𝛾
• 𝑆𝑆: set of states
• 𝐴𝐴: set of actions (action space)
• 𝑇𝑇: state transition matrix 𝑇𝑇𝑠𝑠𝑠𝑠′

𝑎𝑎 = 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎
• 𝑅𝑅: reward distribution 𝑅𝑅𝑠𝑠𝑎𝑎 = 𝑃𝑃 𝑅𝑅𝑡𝑡 = 𝑟𝑟|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎
• 𝛾𝛾: discount factor 𝛾𝛾 ∈ 0, 1

• A policy 𝜋𝜋 is a distribution over actions given states
• 𝜋𝜋 𝑎𝑎|𝑠𝑠 = 𝑃𝑃 𝐴𝐴𝑡𝑡 = 𝑎𝑎|𝑆𝑆𝑡𝑡 = 𝑠𝑠
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Example
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1
2

3

a=1:0.1
a=1:0.7

a=1:0.2

a=1:0.4
a=1:0.6

a=1:1.0

𝑆𝑆 = 1,2,3

𝑇𝑇𝑎𝑎=1 =
0.1 0.7 0.2
0.4 0 0.6
0 0 1.0

𝑅𝑅11
𝑅𝑅21

𝑅𝑅31

𝐴𝐴 = 1,2

𝑇𝑇𝑎𝑎=2 =
0.4 0 0.6
0 1.0 0
0 0 1.0

a=2:0.4

a=2:0.6
a=2:1.0

a=2:1.0

𝑅𝑅12
𝑅𝑅22

𝑅𝑅32

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝐴𝐴0 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3



Policy and Environment

• A policy defines the behavior of an agent
• MDP-based RL algorithms assume that agents directly observe 

the state of the environment (full observability)
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agent

Input: state 𝑠𝑠

Output: action 𝑎𝑎
𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝐴𝐴0 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3

𝜋𝜋 𝑎𝑎|𝑠𝑠

→ POMDP-based RL algorithms assume partial observability



Model 

• For a Markov Decision Process 𝑆𝑆,𝐴𝐴,𝑇𝑇,𝑅𝑅, 𝛾𝛾 , a model (in 
the context of reinforcement learning) is a parametrized 
representation of 𝑆𝑆,𝐴𝐴,𝑇𝑇,𝑅𝑅

• Model based reinforcement learning
• Learning algorithms that directly access T and 𝑅𝑅

• Model free reinforcement learning
• Learning algorithms that do not directly access T and 𝑅𝑅
• Instead, gets samples of actions and rewards by interacting 

with the environment

20



Relationship between MDP and MRP

For an MDP 𝑆𝑆,𝐴𝐴,𝑇𝑇,𝑅𝑅, 𝛾𝛾 and a policy 𝜋𝜋, 

• Let 𝑇𝑇𝑠𝑠,𝑠𝑠′
𝜋𝜋 = ∑𝑎𝑎∈𝐴𝐴 𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑇𝑇𝑠𝑠𝑠𝑠′

𝑎𝑎 = ∑𝑎𝑎∈𝐴𝐴 𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 .
Then 𝑆𝑆,𝑇𝑇𝜋𝜋 is a Markov process

• Let 𝑅𝑅𝑠𝑠𝜋𝜋 = ∑𝑎𝑎∈𝐴𝐴 𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑅𝑅𝑠𝑠𝑎𝑎 = ∑𝑎𝑎∈𝐴𝐴 𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑃𝑃 𝑅𝑅𝑡𝑡|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 .
Then 𝑆𝑆,𝑇𝑇𝜋𝜋,𝑅𝑅𝜋𝜋, 𝛾𝛾 is a Markov reward process

21

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝐴𝐴0 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3



State-Value Function of MDP
State-value function 𝑣𝑣𝜋𝜋 𝑠𝑠 of MDP is an expected return starting from 
state 𝑠𝑠 and following the policy 𝜋𝜋

22

𝑣𝑣𝑡𝑡,𝜋𝜋 𝑠𝑠
= �

𝑎𝑎𝑡𝑡,𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑎𝑎𝑡𝑡, 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑠𝑠𝑡𝑡 = 𝑠𝑠 𝐺𝐺𝑡𝑡

= 𝐸𝐸 𝐺𝐺𝑡𝑡|𝑆𝑆𝑡𝑡 = 𝑠𝑠

𝑣𝑣𝜋𝜋 𝑠𝑠 = 𝑣𝑣𝑡𝑡,𝜋𝜋 𝑠𝑠 for any 𝑡𝑡

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝐴𝐴0 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3
e.g. 𝑣𝑣𝑡𝑡,𝜋𝜋 𝑠𝑠 = 𝐸𝐸 𝐺𝐺2|𝑆𝑆2 = 𝑠𝑠



Action-Value Function of MDP

Action-value function 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 is the expected return starting 
from state 𝑠𝑠, taking action 𝑎𝑎, and then following policy 𝜋𝜋

23

𝑞𝑞𝑡𝑡,𝜋𝜋 𝑠𝑠,𝑎𝑎

= �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 𝐺𝐺𝑡𝑡

= 𝐸𝐸 𝐺𝐺𝑡𝑡|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎

𝑆𝑆1 𝑆𝑆2 𝑆𝑆3𝑆𝑆0

𝐴𝐴0 𝐴𝐴1 𝐴𝐴2 𝐴𝐴3

𝑅𝑅0 𝑅𝑅1 𝑅𝑅2 𝑅𝑅3
e.g. 𝑞𝑞𝑡𝑡,𝜋𝜋 𝑠𝑠, 𝑎𝑎 = 𝐸𝐸 𝐺𝐺2|𝑆𝑆2 = 𝑠𝑠,𝐴𝐴2 = 𝑎𝑎

𝑞𝑞𝜋𝜋 𝑠𝑠, 𝑎𝑎 = 𝑞𝑞𝑡𝑡,𝜋𝜋 𝑠𝑠, 𝑎𝑎 for any 𝑡𝑡



Sum of Sequence of 𝑣𝑣 𝑠𝑠 in MRP
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𝑣𝑣 𝑠𝑠 = �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠 �
𝑘𝑘=0

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

(�̅�𝑟 𝑠𝑠 is reward function)

= �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝛾𝛾0𝑟𝑟𝑡𝑡 + �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝛾𝛾1𝑟𝑟𝑡𝑡+1 + ⋯

= �
𝑟𝑟𝑡𝑡

𝑃𝑃 𝑟𝑟𝑡𝑡 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝛾𝛾0𝑟𝑟𝑡𝑡 + �
𝑟𝑟𝑡𝑡+1

𝑃𝑃 𝑟𝑟𝑡𝑡+1|𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝛾𝛾1𝑟𝑟𝑡𝑡+1 + �
𝑟𝑟𝑡𝑡+2

𝑃𝑃 𝑟𝑟𝑡𝑡+2|𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝛾𝛾2𝑟𝑟𝑡𝑡+2 + ⋯

= 𝛾𝛾0�
𝑟𝑟𝑡𝑡

𝑃𝑃 𝑟𝑟𝑡𝑡 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝑟𝑟𝑡𝑡 + 𝛾𝛾1�
𝑠𝑠𝑡𝑡+1

�
𝑟𝑟𝑡𝑡+1

𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠𝑡𝑡+1 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 𝑃𝑃 𝑟𝑟𝑡𝑡+1|𝑠𝑠𝑡𝑡+1 𝑟𝑟𝑡𝑡+1 + ⋯

= �̅�𝑟 𝑠𝑠 + 𝛾𝛾1�
𝑠𝑠′

𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠𝑠 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 �̅�𝑟 𝑠𝑠𝑠 + 𝛾𝛾2�
𝑠𝑠′

𝑃𝑃 𝑆𝑆𝑡𝑡+2 = 𝑠𝑠𝑠 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 �̅�𝑟 𝑠𝑠𝑠 + ⋯



Cont. (Matrix Representation)
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𝑽𝑽 =

𝑣𝑣 𝑠𝑠 = 1
𝑣𝑣 𝑠𝑠 = 2

⋮
𝑣𝑣 𝑠𝑠 = 𝑁𝑁

, 𝑹𝑹 =

�̅�𝑟 𝑠𝑠 = 1
�̅�𝑟 𝑠𝑠 = 2

⋮
�̅�𝑟 𝑠𝑠 = 𝑁𝑁

Let

𝑣𝑣 𝑠𝑠 = �̅�𝑟 𝑠𝑠 + 𝛾𝛾1�
𝑠𝑠′

𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠𝑠 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 �̅�𝑟 𝑠𝑠𝑠 + 𝛾𝛾2�
𝑠𝑠′

𝑃𝑃 𝑆𝑆𝑡𝑡+2 = 𝑠𝑠𝑠 |𝑆𝑆𝑡𝑡 = 𝑠𝑠 �̅�𝑟 𝑠𝑠𝑠 + ⋯

Because:

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑹𝑹 + 𝛾𝛾2𝑻𝑻2𝑹𝑹 + 𝛾𝛾3𝑻𝑻3𝑹𝑹⋯

We have:

(𝑇𝑇 is the transition matrix)

Vector version of 
geometric sequence



Bellman Equation for 𝑣𝑣 𝑠𝑠
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Multiply at both sides by 𝛾𝛾𝑇𝑇
Then subtract.

𝑽𝑽 − 𝛾𝛾𝑻𝑻𝑽𝑽 = 𝑹𝑹 − 𝛾𝛾𝑻𝑻𝑡𝑡+1𝑹𝑹

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑽𝑽

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑹𝑹 + 𝛾𝛾2𝑻𝑻2𝑹𝑹 + 𝛾𝛾3𝑻𝑻3𝑹𝑹⋯+ 𝛾𝛾𝑡𝑡𝑻𝑻𝑡𝑡𝑹𝑹

𝛾𝛾𝑇𝑇𝑽𝑽 = 𝛾𝛾𝑻𝑻𝑹𝑹 + 𝛾𝛾2𝑻𝑻2𝑹𝑹 + 𝛾𝛾3𝑻𝑻3𝑹𝑹⋯+ 𝛾𝛾𝑡𝑡𝑻𝑻𝑡𝑡𝑹𝑹 + 𝛾𝛾𝑡𝑡+1𝑻𝑻𝑡𝑡+1𝑹𝑹

Bellman Equation
(in matrix form)  

𝑡𝑡 → ∞

𝑡𝑡 → ∞



Solution of Bellman Equation 

If the matrix size is small, and the model is available, 
we can directly solve it 

27

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑽𝑽

𝑰𝑰 − 𝛾𝛾𝑻𝑻 𝑽𝑽 = 𝑹𝑹
𝑽𝑽 = 𝑰𝑰 − 𝛾𝛾𝑻𝑻 −𝟏𝟏𝑹𝑹



A Variation

28

Multiply at both sides by 𝛾𝛾2𝑇𝑇2 , and then subtract

𝛾𝛾2𝑇𝑇2𝑽𝑽 = 𝛾𝛾2𝑇𝑇2𝑹𝑹 + 𝛾𝛾3𝑇𝑇3𝑹𝑹⋯+ 𝛾𝛾𝑡𝑡𝑇𝑇𝑡𝑡𝑹𝑹 + 𝛾𝛾𝑡𝑡+1𝑇𝑇𝑡𝑡+1𝑹𝑹 + 𝛾𝛾𝑡𝑡+2𝑇𝑇𝑡𝑡+2𝑹𝑹

𝑡𝑡 → ∞

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑇𝑇𝑹𝑹 + 𝛾𝛾2𝑇𝑇2𝑽𝑽

𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑇𝑇𝑹𝑹 + 𝛾𝛾2𝑇𝑇2𝑹𝑹 + 𝛾𝛾3𝑇𝑇3𝑹𝑹⋯+ 𝛾𝛾𝑡𝑡𝑇𝑇𝑡𝑡𝑹𝑹

Bellman Equation
(in matrix form)  



Bellman Equation for 𝑣𝑣𝜋𝜋 𝑠𝑠
Obtained from the induced MRP

29

𝑽𝑽𝝅𝝅 = 𝑹𝑹𝝅𝝅 + 𝛾𝛾𝑇𝑇𝜋𝜋𝑽𝑽𝝅𝝅

Bellman Equation
(in matrix form) 

𝑇𝑇𝑠𝑠,𝑠𝑠′
𝜋𝜋 = �

𝑎𝑎∈𝐴𝐴

𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑇𝑇𝑠𝑠𝑠𝑠′
𝑎𝑎 = �

𝑎𝑎∈𝐴𝐴

𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑃𝑃 𝑆𝑆𝑡𝑡+1 = 𝑠𝑠′|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎

𝑅𝑅𝑠𝑠𝜋𝜋 = �
𝑎𝑎∈𝐴𝐴

𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑅𝑅𝑠𝑠𝑎𝑎 = �
𝑎𝑎∈𝐴𝐴

𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑃𝑃 𝑅𝑅𝑡𝑡|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎



Bellman Equation for 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎

30

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = �
𝑟𝑟𝑡𝑡,𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡, 𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 �
𝑘𝑘=0

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

= �̅�𝑟 𝑠𝑠,𝑎𝑎 +

�
𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 𝑃𝑃 𝑎𝑎𝑡𝑡+1|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎, 𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎, 𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1 �
𝑘𝑘=1

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

= �
𝑟𝑟𝑡𝑡

𝑃𝑃 𝑟𝑟𝑡𝑡 |𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 𝑟𝑟𝑡𝑡 + �
𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1, 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 �
𝑘𝑘=1

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

= �̅�𝑟 𝑠𝑠, 𝑎𝑎 + �
𝑠𝑠𝑡𝑡+1,𝑎𝑎𝑡𝑡+1,𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,⋯,𝑠𝑠∞

𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 𝑃𝑃 𝑎𝑎𝑡𝑡+1|𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1 �
𝑘𝑘=1

∞

𝛾𝛾𝑘𝑘𝑟𝑟𝑡𝑡+𝑘𝑘

Use the conditional independence structure of MDP

= �̅�𝑟 𝑠𝑠, 𝑎𝑎 + 𝛾𝛾�
𝑠𝑠𝑡𝑡+1

𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑆𝑆𝑡𝑡 = 𝑠𝑠,𝐴𝐴𝑡𝑡 = 𝑎𝑎 �
𝑎𝑎𝑡𝑡+1

𝑃𝑃 𝑎𝑎𝑡𝑡+1|𝑠𝑠𝑡𝑡+1 �
𝑟𝑟𝑡𝑡+1,𝑠𝑠𝑡𝑡+2,𝑎𝑎𝑡𝑡+2⋯,𝑠𝑠∞

𝑃𝑃 𝑟𝑟𝑡𝑡+1, 𝑠𝑠𝑡𝑡+2,⋯ , 𝑠𝑠∞|𝑠𝑠𝑡𝑡+1, 𝑎𝑎𝑡𝑡+1 �
𝑘𝑘=0

∞

𝛾𝛾𝑘𝑘𝑟𝑟 𝑡𝑡+1 +𝑘𝑘

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = �̅�𝑟 𝑠𝑠,𝑎𝑎 + 𝛾𝛾�
𝑠𝑠′

𝑇𝑇𝑠𝑠,𝑠𝑠′
𝑎𝑎 �

𝑎𝑎′

𝜋𝜋 𝑎𝑎𝑠|𝑠𝑠𝑠 𝑞𝑞𝜋𝜋 𝑠𝑠′,𝑎𝑎𝑠Therefore: Bellman Equation



Relationships between Action and State-Value Functions

31

𝑣𝑣𝜋𝜋 𝑠𝑠 = �
𝑎𝑎∈𝐴𝐴

𝜋𝜋 𝑎𝑎|𝑠𝑠 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = 𝑅𝑅𝑠𝑠𝑎𝑎 + 𝛾𝛾 �
𝑠𝑠′∈𝑆𝑆

𝑃𝑃𝑠𝑠𝑠𝑠′
𝑎𝑎 𝑣𝑣𝜋𝜋 𝑠𝑠′



Value Evaluation by Dynamic Programming

• Consider an update formula:

• If it converges, the solution is obtained:

• Proof of convergence:
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𝑽𝑽𝑘𝑘+1 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑽𝑽𝑘𝑘

𝑽𝑽 = 𝑽𝑽𝑘𝑘+1 = 𝑽𝑽𝑘𝑘

c.f. Jacobi method, Gauss-Seidel method

𝑬𝑬𝑘𝑘+1 = 𝑽𝑽𝑘𝑘+1 − 𝑽𝑽 = 𝜸𝜸𝑻𝑻 𝑽𝑽𝑘𝑘 − 𝑽𝑽 = 𝛾𝛾𝑻𝑻𝑬𝑬𝑘𝑘 = 𝛾𝛾𝑘𝑘+1𝑻𝑻𝑘𝑘+1𝑬𝑬0

𝑽𝑽𝑘𝑘+1 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑽𝑽𝑘𝑘
𝑽𝑽 = 𝑹𝑹 + 𝛾𝛾𝑻𝑻𝑽𝑽

Subtract

lim
𝑘𝑘→∞

𝑬𝑬𝑘𝑘 =𝟎𝟎 0 < 𝛾𝛾 < 1



Value Evaluation by Sample Approximation

TD is a model free policy evaluation method

33

𝑞𝑞𝜋𝜋 𝑠𝑠, 𝑎𝑎 𝑘𝑘+1 = �̅�𝑟 𝑠𝑠, 𝑎𝑎 + 𝛾𝛾�
𝑠𝑠′

𝑇𝑇𝑠𝑠,𝑠𝑠′
𝑎𝑎 �

𝑎𝑎′

𝜋𝜋 𝑎𝑎𝑠|𝑠𝑠𝑠 𝑞𝑞𝜋𝜋 𝑠𝑠′, 𝑎𝑎′ 𝑘𝑘

= �
𝑟𝑟

𝑃𝑃 𝑟𝑟|𝑠𝑠, 𝑎𝑎 𝑟𝑟 + 𝛾𝛾�
𝑠𝑠′

𝑃𝑃 𝑠𝑠𝑠|𝑠𝑠, 𝑎𝑎 �
𝑎𝑎′

𝜋𝜋 𝑎𝑎𝑠|𝑠𝑠𝑠 𝑞𝑞𝜋𝜋 𝑠𝑠′, 𝑎𝑎′ 𝑘𝑘

= �
𝑟𝑟

�
𝑠𝑠′

�
𝑎𝑎′

𝑃𝑃 𝑟𝑟|𝑠𝑠, 𝑎𝑎 𝑃𝑃 𝑠𝑠𝑠|𝑠𝑠, 𝑎𝑎 𝜋𝜋 𝑎𝑎𝑠|𝑠𝑠𝑠 𝑟𝑟 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠′, 𝑎𝑎′ 𝑘𝑘

= 𝐸𝐸 𝑟𝑟 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠′,𝑎𝑎′ 𝑘𝑘|𝑠𝑠, 𝑎𝑎

≈
1
𝑀𝑀

�
𝑚𝑚=1, 𝑟𝑟𝑚𝑚,𝑠𝑠𝑚𝑚′ ,𝑎𝑎𝑚𝑚′ ~𝑃𝑃 𝑟𝑟,𝑠𝑠′,𝑎𝑎′|𝑠𝑠,𝑎𝑎

𝑀𝑀

𝑟𝑟𝑚𝑚 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠𝑚𝑚′ , 𝑎𝑎𝑚𝑚′ 𝑘𝑘

Referred to as TD target

• Approximate the expectation by sampling
• We only need samples and do not need a model



Incremental Average Calculation

• Cumulative Average

• Exponential Moving Average

34

𝐶𝐶𝐴𝐴𝑀𝑀 =
𝑥𝑥1 + 𝑥𝑥2 + ⋯+ 𝑥𝑥𝑀𝑀

𝑀𝑀

𝐶𝐶𝐴𝐴𝑀𝑀 = 𝐶𝐶𝐴𝐴𝑀𝑀−1 +
1
𝑀𝑀

𝑥𝑥𝑀𝑀 − 𝐶𝐶𝐴𝐴𝑀𝑀−1Let 

Then 

𝐸𝐸𝑀𝑀𝐴𝐴𝑀𝑀 = 𝐸𝐸𝑀𝑀𝐴𝐴𝑀𝑀−1 + 𝛼𝛼 𝑥𝑥𝑀𝑀 − 𝐸𝐸𝑀𝑀𝐴𝐴𝑀𝑀−1Let 

𝐸𝐸𝑀𝑀𝐴𝐴𝑀𝑀 =
1 − 𝛼𝛼 𝑀𝑀−1𝑥𝑥1 + 1 − 𝛼𝛼 𝑀𝑀−2𝑥𝑥2 + ⋯+ 1 − 𝛼𝛼 0𝑥𝑥𝑀𝑀

1 − 𝛼𝛼 𝑀𝑀−1 + ⋯+ 1 − 𝛼𝛼 + 1
Then 

Put larger weights on recent samples and gradually forget old samples



Temporal Difference (TD) Method 

Evaluate the value function for given 𝜋𝜋 by sample 
approximation and incremental average calculation

35

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 𝑘𝑘+1 ≈
1
𝑀𝑀

�
𝑚𝑚=1, 𝑟𝑟𝑚𝑚,𝑠𝑠𝑚𝑚′ ,𝑎𝑎𝑚𝑚′ ~𝑃𝑃 𝑟𝑟,𝑠𝑠′,𝑎𝑎′|𝑠𝑠,𝑎𝑎

𝑀𝑀

𝑟𝑟𝑚𝑚 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠𝑚𝑚′ , 𝑎𝑎𝑚𝑚′ 𝑘𝑘

≈
1
𝑀𝑀

�
𝑚𝑚=1, 𝑟𝑟𝑚𝑚,𝑠𝑠𝑚𝑚′ ,𝑎𝑎𝑚𝑚′ ~𝑃𝑃 𝑟𝑟,𝑠𝑠′,𝑎𝑎′|𝑠𝑠,𝑎𝑎

𝑀𝑀

𝑟𝑟𝑚𝑚 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠𝑚𝑚′ ,𝑎𝑎𝑚𝑚′ 𝑘𝑘

𝑞𝑞𝜋𝜋 𝑠𝑠, 𝑎𝑎 𝑘𝑘+1 ← 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 𝑘𝑘 + 𝛼𝛼 𝑟𝑟𝑚𝑚 + 𝛾𝛾𝑞𝑞𝜋𝜋 𝑠𝑠𝑚𝑚′ ,𝑎𝑎𝑚𝑚′ 𝑘𝑘 − 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 𝑘𝑘

𝑎𝑎𝑚𝑚′ is a sample drawn from 𝜋𝜋 𝑎𝑎𝑠|𝑠𝑠𝑠



Optimal Policy

• Partial ordering of policies
policy 𝜋𝜋𝑠 is better than policy 𝜋𝜋 if it gives higher value for all 
states  

• There exists an optimal policy 𝜋𝜋∗ that is better than or 
equal to all other policies

• The goal of reinforcement learning is to find an optimal 
policy

36

𝜋𝜋 ≤ 𝜋𝜋𝑠 if ∀𝑠𝑠 𝑣𝑣𝜋𝜋 𝑠𝑠 ≤ 𝑣𝑣𝜋𝜋′ 𝑠𝑠

∃𝜋𝜋∗∀𝜋𝜋 𝜋𝜋 ≤ 𝜋𝜋∗



Optimal Value Functions

• The optimal value functions are the maximum 
value function over all policies

• When we have 𝑞𝑞∗ 𝑠𝑠,𝑎𝑎 , we can obtain an optimal 
policy by:

37

𝑣𝑣∗ 𝑠𝑠 = max
𝜋𝜋

𝑣𝑣𝜋𝜋 𝑠𝑠

𝑞𝑞∗ 𝑠𝑠,𝑎𝑎 = max
𝜋𝜋

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎

𝜋𝜋∗ 𝑎𝑎|𝑠𝑠 = �
1 𝑖𝑖𝑖𝑖 𝑎𝑎 = argmax

𝑎𝑎
𝑞𝑞∗ 𝑠𝑠,𝑎𝑎

0 𝑜𝑜𝑡𝑡𝑜𝑜𝑜𝑟𝑟𝑜𝑜𝑖𝑖𝑠𝑠𝑜𝑜



Exploration and Exploitation

Taking balance between search and utilize existing 
knowledge is important
• If we always seek unknown possibility, our average 

performance will be poor
• If we always act within existing knowledge, we have 

no chance of improvement

38



𝜖𝜖-Greedy Exploration

• Given an action-value function 𝑄𝑄 𝑠𝑠,𝑎𝑎 , defines the 
policy 𝜋𝜋 𝑎𝑎|𝑠𝑠 as:

39

𝜋𝜋 𝑎𝑎|𝑠𝑠 =

𝜖𝜖
𝑚𝑚

+ 1 − 𝜖𝜖
𝜖𝜖
𝑚𝑚

If 𝑎𝑎 = 𝑎𝑎𝑟𝑟𝑎𝑎𝑚𝑚𝑎𝑎𝑥𝑥𝑎𝑎′∈𝐴𝐴𝑄𝑄 𝑠𝑠, 𝑎𝑎′

Otherwise



Sarsa
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𝑄𝑄 𝑠𝑠, 𝑎𝑎 ← 𝑄𝑄 𝑠𝑠, 𝑎𝑎 + 𝛼𝛼 𝑅𝑅 + 𝛾𝛾𝑄𝑄 𝑠𝑠′, 𝑎𝑎′ − 𝑄𝑄 𝑠𝑠, 𝑎𝑎
𝑠𝑠 ← 𝑠𝑠′
𝑎𝑎 ← 𝑎𝑎′

𝑠𝑠 𝑠𝑠′
𝑎𝑎 𝑎𝑎′

Choose an action 𝑎𝑎 at state 𝑠𝑠
based on a policy derived from 
𝑄𝑄 𝑠𝑠,𝑎𝑎 using, e.g., 𝜖𝜖-greedy

Sarsa is an iterative update method of 𝑄𝑄 𝑠𝑠, 𝑎𝑎 to obtain 𝑄𝑄∗ 𝑠𝑠,𝑎𝑎

𝑅𝑅𝑠𝑠𝑎𝑎

Execute the action 𝑎𝑎, and 
observe the reward 𝑅𝑅𝑠𝑠𝑎𝑎 and the 

next state 𝑠𝑠′
Choose an action 𝑎𝑎′

at state 𝑠𝑠′ based on a policy 
derived from 𝑄𝑄 𝑠𝑠′, 𝑎𝑎′ using, 

e.g., 𝜖𝜖-greedy

Initialize 𝑄𝑄 𝑠𝑠,𝑎𝑎 and 𝑠𝑠.

Repeat

• Sarsa is model free
• Sarsa is on-policy

At each episode: 



Q-Learning

41

𝑄𝑄 𝑠𝑠, 𝑎𝑎 ← 𝑄𝑄 𝑠𝑠, 𝑎𝑎 + 𝛼𝛼 𝑅𝑅 + 𝛾𝛾max
𝑎𝑎′

𝑄𝑄 𝑠𝑠′, 𝑎𝑎′ − 𝑄𝑄 𝑠𝑠, 𝑎𝑎

𝑠𝑠 ← 𝑠𝑠′

𝑠𝑠 𝑠𝑠′
𝑎𝑎 𝑎𝑎′

Choose an action 𝑎𝑎 at state 𝑠𝑠
based on a policy derived from 
𝑄𝑄 𝑠𝑠,𝑎𝑎 using, e.g., 𝜖𝜖-greedy

Q-Learning is an iterative update method of 𝑄𝑄 𝑠𝑠, 𝑎𝑎 to obtain 𝑄𝑄∗ 𝑠𝑠, 𝑎𝑎

𝑅𝑅𝑠𝑠𝑎𝑎

Execute the action 𝑎𝑎, and 
observe the reward 𝑅𝑅𝑠𝑠𝑎𝑎 and the 

next state 𝑠𝑠′

Initialize 𝑄𝑄 𝑠𝑠,𝑎𝑎 and 𝑠𝑠.
Repeat

• Q-Learning is model free
• Q-Learning is off-policy

At each episode: 

Choose an action 𝑎𝑎′
at state 𝑠𝑠′

that maximizes 𝑄𝑄 𝑠𝑠′, 𝑎𝑎′



Deep Q-Learning

42

V. Mnih+, "Human-level control through deep reinforcement learning," Nature, 2015



POMDP
• Partially Observable Markov Decision Process (POMDP) models an environment that is partially 

observable

• A POMDP is a tuple 𝑆𝑆,𝐴𝐴,𝑂𝑂,𝑇𝑇,𝑅𝑅,𝑍𝑍, 𝛾𝛾
• 𝑆𝑆,𝐴𝐴,𝑇𝑇,𝑅𝑅, 𝛾𝛾 : Underlining MDP
• 𝑂𝑂: set of observations
• 𝑍𝑍: observation function 𝑍𝑍 𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1, 𝑜𝑜𝑡𝑡+1 = 𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1

43

G. Sani+, "A survey of point-based POMDP solvers," Auton Agent Multi-AG, 2012

G. Monahan+, "A Survey of Partially Observable Markov Decision Processes: Theory, Models, and Algorithms," Management Science, 1982

𝑠𝑠𝑡𝑡−1 𝑠𝑠𝑡𝑡 𝑠𝑠𝑡𝑡+1

𝑎𝑎𝑡𝑡−1 𝑎𝑎𝑡𝑡 𝑎𝑎𝑡𝑡+1

𝑜𝑜𝑡𝑡−1 𝑜𝑜𝑡𝑡 𝑜𝑜𝑡𝑡+1



Agent History and Belief

• Agent history
• A history 𝑜𝑡𝑡 is a sequence of actions and observations

𝑜𝑡𝑡 = 𝑎𝑎0, 𝑜𝑜1,𝑎𝑎1, 𝑜𝑜2,𝑎𝑎2, 𝑜𝑜3,⋯ ,𝑎𝑎𝑡𝑡−1, 𝑜𝑜𝑡𝑡
• History is a random variable having Markov Property 

𝑃𝑃 𝑜𝑡𝑡+1|𝑜1,𝑜2,⋯ ,𝑜𝑡𝑡 = 𝑃𝑃 𝑜𝑡𝑡+1| 𝑜𝑡𝑡

• Belief
• Belief 𝑏𝑏 = 𝑃𝑃 𝑠𝑠|𝑜 is a posterior distribution of state 

given history
• Belief is a random variable having Markov Property 

𝑃𝑃 𝑏𝑏𝑡𝑡+1|𝑏𝑏1, 𝑏𝑏2,⋯ , 𝑏𝑏𝑡𝑡 = 𝑃𝑃 𝑏𝑏𝑡𝑡+1| 𝑏𝑏𝑡𝑡

44



Converting POMDP to MDP

For a POMDP 𝑆𝑆,𝐴𝐴,𝑂𝑂,𝑇𝑇,𝑅𝑅,𝑍𝑍, 𝛾𝛾 :

• By considering history 𝑜 as a state, 

𝑜 ,𝐴𝐴,𝑃𝑃 𝑜𝑠|𝑎𝑎,𝑜 ,∑𝑠𝑠 𝑅𝑅 𝑠𝑠, 𝑎𝑎 𝑃𝑃 𝑠𝑠|𝑜 , 𝛾𝛾 is a MDP

• By considering belief 𝑏𝑏 as a state, 

𝑏𝑏 ,𝐴𝐴,𝑃𝑃 𝑏𝑏𝑠|𝑎𝑎, 𝑏𝑏 ,∑𝑠𝑠 𝑅𝑅 𝑠𝑠, 𝑎𝑎 𝑏𝑏 𝑠𝑠 , 𝛾𝛾 is a MDP

45



Update of Belief

46

[1] L. Kaelbling+, "Planning and acting in partially observable stochastic domains," Artificial Intelligence, 1998
[2] J. Perl, "Probabilistic Reasoning in Intelligent Systems," Morgan Kaufmann, 1988

Figure is from [1]

𝑏𝑏𝑡𝑡+1 = 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑜𝑡𝑡+1 = 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑜𝑡𝑡 , 𝑎𝑎𝑡𝑡 , 𝑜𝑜𝑡𝑡+1 =
𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑜𝑡𝑡 , 𝑎𝑎𝑡𝑡

𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡

=
𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1 ∑𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡

∑𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡 ∑𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡 , 𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑜𝑡𝑡 ,𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡

=
𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1 ∑𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡|𝑜𝑡𝑡

∑𝑠𝑠𝑡𝑡 𝑃𝑃 𝑠𝑠𝑡𝑡|𝑜𝑡𝑡 ∑𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑜𝑜𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1 𝑃𝑃 𝑠𝑠𝑡𝑡+1|𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡

=
𝑍𝑍 𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1, 𝑜𝑜𝑡𝑡+1 ∑𝑠𝑠𝑡𝑡 𝑇𝑇𝑠𝑠𝑡𝑡 𝑠𝑠𝑡𝑡+1

𝑎𝑎𝑡𝑡 𝑏𝑏𝑡𝑡
∑𝑠𝑠𝑡𝑡 𝑏𝑏𝑡𝑡 ∑𝑠𝑠𝑡𝑡+1 𝑍𝑍 𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡+1, 𝑜𝑜𝑡𝑡+1 𝑇𝑇𝑠𝑠𝑡𝑡 𝑠𝑠𝑡𝑡+1

𝑎𝑎𝑡𝑡

Use conditional 
independence
c.f. d-separation [2]
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NN

state 𝑠𝑠

state value 𝑣𝑣 𝑠𝑠

NN

action value 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎

state 𝑠𝑠

Output 

Input action 𝑎𝑎

NN

state 𝑠𝑠

𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = 1 , 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = 2 ,⋯ , 𝑞𝑞𝜋𝜋 𝑠𝑠,𝑎𝑎 = 𝑁𝑁
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Policy Gradient
• Directly parametrize the policy and optimize it [1]

• Policy performance objective (There are several variations [2])

• Policy gradient theorem

• REINFORCE[3]

• Use return as an unbiased sample of 𝑄𝑄𝜋𝜋𝜃𝜃 𝑠𝑠, 𝑎𝑎
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[1] R. Sutton+, "Policy Gradient Methods for Reinforcement Learning with Function Approximation," NISP, 1999
[2] R. Williams, "Simple statistical gradient-following algorithms for connectionist reinforcement learning," Machine Learning, 1992
[3] J. Schulman+, "High-Dimensional Continuous Control Using Generalized Advantage Estimation," ICLR 2016

𝐽𝐽 𝜃𝜃 = �
𝑠𝑠

𝑑𝑑𝜋𝜋𝜃𝜃 𝑠𝑠 𝑉𝑉𝜋𝜋𝜃𝜃 𝑠𝑠 , 𝑑𝑑𝜋𝜋𝜃𝜃 𝑠𝑠 = lim
𝑡𝑡→∞

𝑃𝑃 𝑠𝑠𝑡𝑡 = 𝑠𝑠|𝑠𝑠0,𝜋𝜋𝜃𝜃

∇𝜃𝜃𝐽𝐽 𝜃𝜃 = 𝐸𝐸𝜋𝜋𝜃𝜃 ∇𝜃𝜃𝑙𝑙𝑜𝑜𝑎𝑎𝜋𝜋𝜃𝜃 𝑠𝑠, 𝑎𝑎 𝑄𝑄𝜋𝜋𝜃𝜃 𝑠𝑠,𝑎𝑎

𝜃𝜃 ⟵ 𝜃𝜃 + 𝛼𝛼𝐺𝐺𝑡𝑡∇𝜃𝜃log 𝜋𝜋𝜃𝜃 𝑎𝑎𝑡𝑡|𝑠𝑠𝑡𝑡



Actor-Critic

• Parameterize 𝑄𝑄𝜋𝜋𝜃𝜃 𝑠𝑠,𝑎𝑎 and learns it together with 
policy 𝜋𝜋𝜃𝜃

• Actor: 𝜋𝜋𝜃𝜃 (with parameters 𝜃𝜃)
• Critic:𝑄𝑄𝑤𝑤 𝑠𝑠,𝑎𝑎 (with parameters w)
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∇𝜃𝜃𝐽𝐽 𝜃𝜃 = 𝐸𝐸𝜋𝜋𝜃𝜃 ∇𝜃𝜃𝑙𝑙𝑜𝑜𝑎𝑎𝜋𝜋𝜃𝜃 𝑠𝑠, 𝑎𝑎 𝑄𝑄𝜋𝜋𝜃𝜃 𝑠𝑠,𝑎𝑎 ≈ 𝐸𝐸𝜋𝜋𝜃𝜃 ∇𝜃𝜃𝑙𝑙𝑜𝑜𝑎𝑎𝜋𝜋𝜃𝜃 𝑠𝑠,𝑎𝑎 𝑄𝑄𝑤𝑤 𝑠𝑠, 𝑎𝑎



Deterministic Policy Gradient

• Deterministic policy gradient models the 
policy as a deterministic decision

• Because a summation (or integration) 
over action is removed in the training, it is 
expected to be more efficient than 
stochastic policy especially in high 
dimensional action spaces 
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[1] D. Silver+, "Deterministic Policy Gradient Algorithm," ICML 2014
[2] T. Lillicrap+, "Continuous Control With Deep Reinforcement Learning," ICLR 2016



Model-Based Reinforcement Learning

• Learns model from experience, and use it to 
construct a value or policy function
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Value/policy 
function

Model experience
Accumulate tuples of 
action, state transition, 
and reward

Estimate the model by supervised 
training
(self-supervised training using the 
self-accumulated data)

Planning
(Estimate the value/policy 
functions accessing the 
modeled transition 
probability and reward)

Action execution
(As the result, the state transitions to 
the next state and reward is 
obtained)

𝑆𝑆,𝐴𝐴,𝑃𝑃,𝑅𝑅

𝑠𝑠, 𝑎𝑎, 𝑠𝑠′, 𝑟𝑟



Deep Dyna-Q
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B. Peng+, "Deep Dyna-Q: Integrating Planning for Task-Completion Dialogue Policy Learning," ACL 2018
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